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Abstract—This work investigates the joint detection and decoding of MIMO-OFDM signals. Traditional receivers either utilize
disjoint serial detector and decoder or require turbo message
passing between the two functional blocks of detection and
decoding. We present a novel approach that can jointly achieve
detection and decoding of low density parity check (LDPC) coded
multiple-input-multiple-output (MIMO) orthogonal-frequencydivision-multiplexing (OFDM) signals as a unified optimization
algorithm. Our receiver integrates the MIMO-OFDM signal
detection and the decoding of LDPC coded data by formulating a linear programming problem regardless of affine or
nonaffine quadrature amplitude modulation (QAM) mapping.
The proposed joint MIMO-OFDM detector and decoder achieves
substantial performance gain over existing joint detection receivers of comparable computational complexity. Furthermore,
the proposed receiver also substantially outperforms the more
traditional turbo receiver with only modest cost in complexity.
Index Terms—MIMO-OFDM systems, LDPC codes, linear
programming, joint detection.

I. I NTRODUCTION

M

ULTIPLE-input multiple-output (MIMO) transceivers
can achieve higher throughput and improved reliability
in wireless communications by exploiting spatial diversity in
multiple-antenna wireless communications. MIMO signaling
has permeated practical state-of-art wireless systems such as
IEEE802.11n, LTE-A, and WiMAX by delivering substantial
capacity gains. Spatial multiplexing schemes take advantage
of increased Shannon capacity that grows linearly with the
minimum number of transceiver antennas [1] [2]. Receiver
algorithms such as maximum a posteriori probability (MAP)
detection, minimum mean square error (MMSE) detection can
be utilized for effective MIMO signal detection [7] [8] to
achieve the expected diversity gain.
At the same time, the surging need for high speed broadband
wireless services has also prompted the widespread adaptation
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of orthogonal frequency division multiplexing (OFDM) over
frequency-selective wireless fading channels as means to mitigate the effect of multipath linear distortions. Among several
prominent examples, OFDM and OFDM-base technologies
have been incorporated into high profile wireless PHY standards of IEEE802.11(a,g,n) [9] local area network (LAN) standard, IEEE802.16 [10] metropolitan area network (WiMAX)
standard, and long term evolution (LTE) [11] cellular standard.
OFDM, through a linear IFFT precoder at the transmitter plus
cyclic prefix and a corresponding FFT at the receiver, converts
a frequency-selective channel into parallel orthogonal and flat
subchannels. These orthogonal subchannels are amenable to
the simple 1-tap frequency domain equalization, sub-channelbased detection, as well as bit and power loading for achieving
channel capacity by waterfilling [3]. It is natural to integrate
MIMO and OFDM in multi-antenna broadband communication systems [4][5].
Despite the much improved average capacity, wireless channel fading and noise effects can still result in substantial detection errors in MIMO-OFDM communications. To mitigate the
potential detection errors due to distortive channel conditions
and random noises, forward error correction (FEC) codes are
routinely used in conjunction with MIMO-OFDM scheme.
Over the past two decades, in particular, LDPC codes have
received much attention for their excellent error-correcting
performance [12], [13]. LDPC codes, when decoded via the
sum-product algorithm (SPA), can approach Shannon limit
performance with the practical decoding complexity [14].
When LDPC codes are applied within MIMO-OFDM [6],
an ideal receiver should apply the joint maximum likelihood
(ML) detection and decoding principle. However, when LDPC
codes are sufficiently long, such an optimum joint receiver is
highly complex and impractical to implement. The success of
SPA decoding lies in its low complexity and good decoding
performance for parity check matrices without short cycles.
However, its iterative nature during message passing makes
it a challenge to seamlessly integrate with the MIMO-OFDM
detection step. As viable alternatives, the concept of turboequalization (or turbo detection) [7] has been proposed for the
“quasi-joint” detection and decoding of LDPC coded MIMOOFDM systems. The principle of turbo processing is to allow
message passing between two individual processing blocks
by replying on “belief propagation” (i.e., mutual trust during
message passing). Turbo detection iteratively exchanges their
soft information between MIMO-OFDM detector and the SPA
decoder, often achieving near optimum performance without
the high complexity of joint ML detection and decoding.
Nevertheless, such a message exchange turbo receiver does
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not have a comprehensive or unified optimization formulation.
The convergence of such iterative algorithm depends on the
quality of the message passing and is thus less certain since
exchanging unreliable information at moderate to low SNR
may in fact harm both the detector and the decoder.
The major obstacle to deriving a uniform optimization
criterion for joint detection and decoding of LDPC coded
MIMO transmission lies in the fact that detection and decoding
operate in two different (incompatible) fields. More specifically, detection typically aims to optimize in the complex
(or real) field, whereas FEC decoding criterion is generally
characterized in binary GF(2) field. Although it is less likely to
translate detection criterion from complex field to binary field,
some recent works on LDPC decoding have proposed new
approaches based on linear programming (LP) decoding for
linear (and particularly LDPC) codes [16]. By converting FEC
binary constraints into linear inequalities in R or C, LP decoding as well as reduced complexity algorithms [17][18][19]
makes it possible to derive a unified optimization criterion for
joint detection and decoding in LDPC coded MIMO-OFDM
systems without relaying on message passing. In this work,
we develop a new linear programming based receiver for joint
detection and decoding of LDPC-coded data signals in MIMOOFDM systems.
Linear programming decoder transforms binary code constraints into linear constraints in real field, thereby making it
possible to be integrated with channel equalization and MIMO
detection. The authors of [20] already developed a joint LP
receiver for coded MIMO systems by using 1 norm as the
detection metric that can be jointly considered with the LP
decoding. Although the approach of [20] can also be generalized to coded MIMO-OFDM systems, the joint detection
method of [20] requires a specific class of affine mapping
between the binary data bits from the encoder and the
modulated QAM symbols. In particular, such a linear mapping
is found in BPSK and QPSK modulations. For the more
general QAM signaling, the suggestion in [20] to decompose
QAM into multiple affine-QPSK mappings, even for those
atypical affine QAM mappings, would substantially increase
computational complexity since it introduces a multiplicity
of new variables in linear programming. More importantly,
practically implemented QAM modulation (e.g., 16QAM)
under Gray code does not permit such decomposition. In fact,
for such QAM modulations, the mapping between input and
output is generally nonaffine.
In this work, we generalize the joint detection-decoding algorithm for generic nonaffine QAM mapping to develop a new
joint detection-decoding receiver for LDPC coded MIMOOFDM systems. Without introducing many extra variables, we
extend the treatment of nonaffine QAM mapping proposed in
[22] for MIMO-OFDM systems. This approach makes it possible to deal with high-efficiency modulations that do not admit
an affine input-output mapping and is a natural extension of the
joint MIMO-LDPC receiver that we developed [23]. To begin,
we derive a global objective function that is proportional to the
probability density function of the transmission conditioned
on the received observations. Next, according to the global
function, we develop the corresponding factor graph. Finally,
we propose an LP-based joint detection problem by extracting
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Fig. 1.
Block diagram of an LDPC coded MIMO-OFDM transmission
systems.

the LP variables and constraints directly from the factor graph.
Compared with existing turbo equalization receivers (e.g. [7])
and known LP joint receivers (e.g. [20]), the new joint receiver
exhibits strong error-rate performance.
We organize our manuscript as follows. In Section II, we
briefly describe the system model of LDPC coded MIMOOFDM transmission and summarize some known receivers
for MIMO-OFDM detection and LDPC decoding. In Section
III, we present our new LP based joint receiver for LDPC
coded MIMO-OFDM systems and develop its factor graph.
We discuss the complexity of the resulting algorithm. We
test our new algorithms for joint receiver through numerical
simulations in Section IV to demonstrate the receiver error
performance before concluding our works in Section V.
II. S YSTEM D ESCRIPTION OF LDPC C ODE MIMO-OFDM
A. Notations
In this manuscript, (·)H and (·)T denote the conjugate transpose and the transpose of a matrix, respectively.
{ãt }t=0,...,N −1 denotes the N -point IFFT of symbol sequence
{at }t=0,...,N −1 .
B. Spatial Multiplexing MIMO Transmission
We consider an LDPC coded MIMO-OFDM transmission
system of Figure 1, consisting of Nt transmit antennas, Nr
receive antennas, and N subcarriers. The MIMO transmission
takes the form of spatial multiplexing. As shown in Figure 1,
a block of  information bits is encoded by an LDPC encoder
with code rate ρ = /n. The output n coded bits are modulated
by a Q-ary quadrature amplitude modulated (QAM) constellation into a block of n/Q QAM symbols. During each OFDM
symbol time slot, Nt · N QAM symbol are transmitted from
N subcarriers and Nt transmit antennas simultaneously. Let
K be the number of OFDM symbol slots for this codeword
of n bits, then K = n/Q/(Nt N ). Denote the index set of
OFDM slots by T , then T = {0, 1, . . . , K − 1}.
The OFDM signal is obtained through IFFT precoding and
cyclic prefix. The transmitted data
x̃i = IFFTN {xi },

(1)

where xi = {xi (0), . . . , xi (N −1)} denotes an OFDM symbol
to be transmitted from the i-th transmit antenna, 1 ≤ i ≤ Nt .
Define a modulation mapping as M : {0, 1}Q×1 −→ Γ
where Γ ⊂ C denotes the transmitted QAM constellation. For conveniently, we can define another mapping X :
{0, 1}QNt ×1 −→ ΓNt ×1 where every block of consecutive
Q coded bits is mapped to a QAM symbol by the mapping

2818

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 61, NO. 7, JULY 2013

function M. As shown in Figure 1, xk denotes the frequency
domain symbol vector for the k-th subcarrier obtained from
xk = X (b) in which b is a vector of coded bits {bi } of length
QNt .
After applying FFT at the MIMO receiver, we obtain r k as
an Nr ×1 symbol vector obtained from Nr receive antennas at
the k-th subcarrier. Denote by r k the received signal vector at
the Nr receive antennas corresponding to the k-th subcarrier.
In OFDM, blocks of N data symbols are transformed by
IFFT into blocks of N data symbols in time-domain. Each
block of N data symbols further appends a cyclic prefix of
length Ng before transmission. Recall that the cyclic prefix
length Ng is chosen to overcome the inter-block interference
(IBI) such that Ng ≥ L where L is the time-domain channel
delay spread.
Let {Hji (k)}k=0,...,N −1 be the N -point FFT of discrete
time L-tap channel {hji (t), t = 0, . . . , L − 1} between the
i-th transmit antenna and the j-th receive antenna, written as
Hji (k) =

L−1


2π

hji (t)e−j N kt .

(2)

t=0

Channel coefficients {hji (t), t = 0, . . . , L−1} are modeled as
an independent zero-mean complex Gaussian, satisfying
mean

L−1
2
=
1.
The
|h
(t)|
power normalization constraint E
ji
t=0
received signals from the j-th antenna after cyclic prefix
removal and FFT transform become
rj (k) =

Nt


Hji (k)xi (k)+nj (k),

k = 0, 1, . . . , N −1, (3)

i=1

where nj (k) denotes the complex (frequency-domain) AWGN
noise on the j-th receive antenna.
Because the time-domain channel noise is typically modeled
as independent identically distributed (i.i.d.) Gaussian, nj (k)
remains i.i.d. Gaussian after the unitary transform of FFT. By
grouping the received symbols from all Nr receive antennas,
we obtain N vectors r k of size Nr × 1, corresponding to N
subcarriers, whose expression is as follows
r k = Hk xk + nk ,

k = 0, 1, . . . , N − 1,

(4)

in which rk = [rj (k)]1≤j≤Nr , xk = [xi (k)]1≤i≤Nt , nk =
[nj (k)]1≤j≤Nr and Hk = [Hji (k)]1≤j≤Nr .
1≤i≤Nt

i ∈ I, define the i-th local code (sometimes called local
behavior) by

Pi,j cj = 0},
Ci = {(cj )j∈Ni :
j∈Ni

where Ni ⊆ I is the support of the i-th row of P for each
i ∈ I, and addition and multiplication are over GF(2). Hence
c ∈ C if and only if ci  (cj )j∈Ni lies in Ci for each i ∈ I,
where c is a bit-vector with length of n. For more details, see
[12], [22].
Because of the large code length, it is impractical to perform
MAP decoding exactly for practical LDPC codes. Therefore,
low complexity decoders are essential to the success of LDPC
codes. Fortunately, the sum-product algorithm (SPA) [13],
proves to be highly effective and efficient. In this paper, we
use the very popular SPA in log-domain (LLR-SPA) [26].
a
, a ∈ {0, 1}, denotes the probability that
The quantity qi,j
the variable node j has value a, based on the information
a
obtained via all the checks except i. Similarly, ri,j
denotes the probability of check i being satisfied when
the variable node j is equal to a. Let y = [y1 , . . . , yn ]
be the received word corresponding to the transmitted
codeword c = [c1 , . . . , cn ]. Furthermore, we define log0
1
/qi,j
) and
likelihood ratios (LLR) λj→i (cj )  log(qi,j
0
1
Λi→j (cj )  log(ri,j /ri,j ) . The LLR-SPA is then briefly
summarized as follows.
Initialization:
Assign an a posteriori LLR L(cj ) =
log{P (cj = 0|yj )/P (cj = 1|yj )} to each variable node j.
For each pair (i, j) with Pij = 1,
λj→i (cj ) = L(cj ), Λi→j (cj ) = 0.
Step 1 (Horizontal step): For each i, and for each j ∈ Ni ,
compute

tanh[λj  →i (cj  )/2]}; (5)
Λi→j (cj ) = 2 tanh−1 {
j  ∈Ni \j

Step 2 (Vertical step): For each j, and for each i ∈ Nj ,
compute

λj→i (cj ) = L(cj ) +
Λi →j (cj );
(6)
i ∈Nj \i

For each j, compute
λj (cj ) = L(cj ) +



Λi→j (cj );

(7)

i∈Nj

C. LDPC Error Correction Codes
An LDPC code C with parity check matrix P can be
represented by a Tanner (or factor) graph G = (V, E). Let
I = {1, 2, . . . , m} and J = {1, 2, . . . , n}, respectively, be
the row and column indices of the parity check matrix P . The
node set V can be partitioned into two disjoint node subsets
indexed by I and J , known as the check nodes and variable
nodes, respectively. For each pair (i, j) ∈ I×J , there exists an
edge (i, j) in G if and only if the (i, j)-th element of the parity
check matrix Pij = 1. The index set of the neighborhood of
a check node i ∈ I is defined as Ni := {j ∈ J : Pij = 1}.
Similarly, we denote Nj := {i ∈ I : Pij = 1} as the set of
check nodes incident to a given variable node j. For each

Step 3 (Decision): Quantize ĉ = [ĉ1 , . . . , ĉn ] such that

0 if λj (cj ) ≥ 0
ĉj =
1 otherwise.
If ĉP T = 0, then the algorithm halts; Otherwise it returns to
Step 1. If the algorithm does not halt beyond a preset maximum number of iterations, then declare a decoding failure.
In [27], [28], the concept of extrinsic information was
originally introduced to identify the component of the generated reliability value which depends on redundant information
obtained from the considered constituent code. In LLR-SPA,
λj→i (cj ) represents the extrinsic information that variable
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node j sends to check node i, and Λi→j (cj ) represents the
extrinsic information that check node i sends to variable node
j.
D. MIMO-OFDM Turbo Detection
The equalization and the detection of MIMO-OFDM signals
are carried out in the real/complex field whereas the LDPC
decoding is carried out in binary field GF(2). However, the
soft-input-soft-output (SISO) nature of turbo decoding has
paved one way of exchanging (extrinsic) information between
the signal detection and SISO decoder based on the “belief
propagation” principle. This iterative closed loop information
exchange is known as turbo-equalization as proposed in [15],
[29]. Figure 2 illustrates a standard MIMO turbo-equalization
system.
This iterative receiver structure consists of a soft input soft
output MIMO detector and an LLR-SPA decoder. Extrinsic
information is exchanged between the two components in an
iterative manner according to the belief propagation principle
[15], [7]. Both the detection and the channel decoding are
carried out in frequency-domain. In each turbo iteration, the
MIMO detector computes the extrinsic LLR value of the
coded bits and sends to the decoder; whereas the LLR-SPA
decoder feeds the detector with an extrinsic information for
the encoded bits that can be used as the a prior information
to compute a soft estimate of transmitted symbols. In this
paper, we use the MAP detector/equalizer. Assuming perfect
channel state information (CSI) at the receiver, it is obvious
from (2) and (4) that the detection of the received signals at
a particular subcarrier can be carried out independently. For
notational convenience, in the following, we temporarily drop
the index of subcarriers (subscript k) from the signals in r,
H, and x when there is no risk of confusion.
In the soft MAP detector, received data r for each subcarrier
is demapped by a log-likelihood ratio (LLR) calculation for
each bit of the Nt Q coded bits in the transmit symbol
vector x. The extrinsic LLR value of the estimated bit
cj (j ∈ {1, . . . , Nt Q}) is computed as
LD (cj ) =
=
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P (cj = +1)
P (cj = +1|r, H)
− log
P (cj = −1|r, H)
P (cj = −1)

+1 P (r|x, H)P (x)
x∈χj
− LC (cj ), (8)
log 
x∈χ−1 P (r|x, H)P (x)
log

j

where LC (cj ) is the extrinsic information of the bit cj
from the LDPC decoder in the previous turbo iteration (at
the first iteration LC (cj ) ≡ 0, ∀j); χ+1
denotes the set of
j
2Nt Q−1 vector x having cj = +1, while χ−1
denotes the
j
complementary set. Assuming the bits within x are mutually

P (x) =

N
tQ


P (cj ) =

j=1

N
tQ


[1 + exp(−xj LC (cj ))]

−1

,

(9)

j=1

where xj corresponds to the j-th binary bit in symbol vector
x. The probability density function P (r|x, H) is Gaussian.
The extrinsic information LC (cj ) can be computed as
LC (cj ) = λj (cj ) − LD (cj ),

(10)

where λj (cj ) is determined by (7), and L(cj ) in (7) is replaced
by LD (cj ).
After each turbo iteration, the decoder verifies whether ĉ is a
valid codeword. If true, the MIMO-OFDM turbo equalization
halts; otherwise, turbo equalization continues until a maximum
number of turbo iterations. The soft MAP detector in (8)
has a complexity of O(2Nt Q ) and is suitable for modest
constellation size and limited number of transmit antennas in
practice.
Despite the general success of turbo detection, it has some
weaknesses. Firstly, it is not yet clear how many iterations
are needed for turbo detection to converge. Secondly, turbo
detection often suffers from performance degradation because
of local instead of global optimal solution. Poor local convergence is a direct consequence of “belief propagation” when
the passed messages are inaccurate and often exhibits error
floor in high SNR region. Thirdly, the performance of turbo
detection is difficult to anticipate and analyze. To mitigate
these shortcomings, we now investigate a new joint MIMOOFDM detection and decoding algorithm that relies on a single
unified objective function for optimization.
III. LP BASED J OINT MIMO-OFDM R ECEIVER
A. QAM Signals under Affine Mapping
We aim to develop a unified objective function for LDPCcoded QAM signal transmissions in MIMO-OFDM systems.
Recall the linear input/output relationship of MIMO-OFDM
receivers. We use Ĥt (k), x̂t (k) and r̂t (k), respectively, to
denote the channel, the transmitted symbol vector and the
received data, respectively, at the t-th transmit slot and k-th
subcarrier. Staying in field R, we can write the input/output
relationship as
r̂ t,k = Ĥt,k x̂t,k + n̂t,k
where


r̂t,k =

and



Re{rt,k }
Im{rt,k }

, x̂t,k =


Re{xt,k }
Im{xt,k }

(12)

Re{Ht,k } −Im{Ht,k }
.
Im{Ht,k } Re{Ht,k }
(13)
From the relationship of (11), the LP joint detector for
coded MIMO systems introduced in [20] can be easily generalized to coded MIMO-OFDM systems by minimizing

|Ĥt,k · x̂t,k − r̂ t,k |.

n̂t,k =

Re{nt,k }
Im{nt,k }



(11)

t

, Ĥt,k =

k
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In other words, we now have a linear programming detection
formulation:
2Nr
−1 
 N
min
τt,k,i
(14)
t∈T k=0 i=1

⎡

τt,k,1
..
.

⎢
s.t. |Ĥt,k · x̂t,k − r̂ t,k | ≤ τt,k = ⎣

⎤
⎥
⎦,

τt,k,2Nr
∀t ∈ T , 0 ≤ k ≤ N − 1,

(15)

where {τt,k,i } and {x̂t,k } are our LP variables.
{x̂t,k } in (15) is related to the given code C. The corresponding codeword polytope can be defined to be the convex
hull of all possible codewords




λc c : λc ≥ 0,
λc = 1 .
poly(C) =
c∈C

c∈C

Note that poly(C) includes exactly those vertices corresponding to codewords, and every point in poly(C) corresponds to
a vector f = (f1 , . . . , fn ) where
 component fi is defined in
terms of the summation fj = c λc cj . This polytope can be
represented by a finite number of linear constraints; however,
the number of constraints is exponential in the code length n.
To reduce the complexity, poly{C} can be relaxed onto the
so-called fundamental polytope obtained by intersecting the
convex hull of local codewords corresponding to each row of
the parity check matrix [16]. It can be characterized by the
following inequalities:
0 ≤ fj ≤ 1,
and

j∈F

fj −



fj ≤ |F | − 1,

∀j ∈ J ;

(16)

∀i ∈ I, ∀F ⊂ Ni , |F |odd.

j∈Ni \F

(17)
Together with the LP detection formulation and assume QPSK
modulation, we can summarize the first detector as a generalization of the method in [20] as
LP1: Joint MIMO-OFDM Equalization and Decoding by
1 norm

min

2Nr
−1 
 N

τt,k,i

(18)

t∈T k=0 i=1

Constraints: (16), (17) and
τt,k,i ≥ 0, ∀t ∈ T , ∀k ∈ [0, N − 1], ∀i ∈ [1, 2Nr ], (19)
Ĥt,k x̂t,k − τ t,k ≤ r̂ t,k − Ĥt,k x̂t,k − τ t,k ≤ −r̂t,k ,
∀t ∈ T , ∀k ∈ [0, N − 1]} (20)


1/2 1 − 2ft(N ·Nt·2)+k·Nt ·2+1 , . . . ,
T
1 − 2ft(N ·Nt ·2)+k·Nt ·2+2Nt −1


Im{x̂t,k } = 1/2 1 − 2ft(N ·Nt·2)+k·Nt ·2+2 , . . . ,
T
1 − 2ft(N ·Nt ·2)+k·Nt ·2+2Nt ,
Re{x̂t,k } =

∀t ∈ T , ∀k ∈ [0, N − 1]

(21)

In LP1, note that {τt,k,i } and {fj } are the optimization
variables.
Assume for simplicity that the parity-check matrix of the
LDPC code has a constant number wr of nonzero elements
in each row. Then in terms of computational complexity, LP1
consists of n + 2KN Nr variables and 4KN Nr + m2wr −1
constraints.
The algorithm LP1 is a linear programming method only
when there is an affine mapping between fj and x̂t,k . It is obvious that LP1 is only suitable for affine mapping (say BPSK,
QPSK). As for higher order modulation with non-constant
modulus such as 16QAM, the authors in [20] suggested to
decompose a 16QAM modulated symbol into two QPSK
symbols [24]. Not only this decomposition doubles the number
of variables in the LP detector, but such a decomposition is
also not generally feasible when practical nonaffine mappings
such as Gray code is used. Moreover, LP1 does not admit
the so-called maximum likelihood certificate property, which
is the most appealing property of LP decoding.
B. Factor Graph and the Derivation of LP Receiver for
Nonaffine QAM Mapping
For broad applications in practical MIMO-OFDM systems,
we wish to formulate a joint receiver regardless of affine or
nonaffine QAM modulation mapping. We would also like such
a joint detector to retain the maximum likelihood certificate
property under some special conditions. We have recently
presented some preliminary work in [23]. In this manuscript,
we generalize our preliminary paper [23] on MIMO detection
under flat fading channel to the more general MIMO-OFDM
systems that can accommodate frequency selective fading
channels.
Recall that the authors of [22] designed a detector of jointly
considering the equalizer and decoder over frequency selective
channels. In the method of [22], the global function was
factorized as the products of some real-valued functions and
indicator functions. The real-valued functions and the indicator
functions correspond to the cost function and the constraints of
linear programming, respectively. By expanding this approach
into joint detection and decoding, nonaffine mapping can be
tackled through the introduction of some auxiliary variables.
The method in [22] can be generalized for joint detection
and decoding in the LDPC-coded MIMO-OFDM systems.
In what follows, we will detail our joint detection. First
we derive the factor graph for the LDPC coded MIMOOFDM systems. QNt coded bits are modulated (every Q bits
corresponding to a symbol) and transmitted on each subcarrier
from Nt antennas at each OFDM slot. Denote the coded bits
vector with length of QNt corresponding to the symbol vector
consisting of Nt symbols from Nt antennas at t-th slot and
k-th subcarrier by st,k , t ∈ T , k ∈ [0, N − 1]. There are |Γ|Nt
different symbol vectors since each QAM symbol in st,k has
|Γ| = 2Q possible values. Let S be a set consisting of all the
vector elements corresponding to the bit vector st,k , and let
S − = S \01×QNt where 01×QNt represents an all-zero vector
of length QNt .
Assuming that each codeword is transmitted with equal
probability. By using Bayes rule, a posteriori probability
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c1

Consequently, we define a global function as

Modulation

c2

= p(r|s)
= p(r 0,0 , . . . , r0,N −1 , . . . , r K−1,0 , . . . , r K−1,N −1 |

k=0

i∈I

Here Qt,k (st,k ) = p(rt,k |st,k ) for each t ∈ T and each
k ∈ [0, N − 1] is a multivariate Gaussian probability density
function, and all factor nodes Ψi (si ) for each i ∈ I are
indicator functions for some local behavior Ci , i.e.,

1, if si ∈ Ci ;
Ψi (si ) =
∀i ∈ I,
0, otherwise;
where si has the similar definition as ci in Section II. The
second term of the last equality in (23) guarantees that s is a
valid codeword. Then ŝ = argmaxs∈C u(s) is the ML solution.
From (23) we know

 −1

 N
Qt,k (st,k ) ·
Ψi (si )−
max u(s) ⇔ max
t∈T



N −1


t∈T

= max
= max


k=0



i∈I

Qt,k (01×QNt )

k=0
−1 
 N

log

Qt,k (st,k )
Qt,k (01×QNt )

t∈T k=0

−1

 N
t∈T k=0

α∈S

 
Ψi (si )
·
i∈I

Qt,k (α)
qt,k,α log
Qt,k (01×QNt )

Ψi (si )

c3

c4

Modulation

c5


·

(24)

c7

c6

c8

Modulation

Grouping

q1,0,s1,0

q1,1,s1,1

s1,0

s1,1
Q1,1

Q1,0

Fig. 3.

Ψ4

Modulation

Grouping

s0,0 , . . . , s0,N −1 , . . . , sK−1,0 , . . . , sK−1,N −1 )

 −1
 N

=
Qt,k (st,k ) ·
Ψi (si ).
(23)
t∈T

Ψ3

Ψ2

Ψ1

(APP) of the transmitted codeword s conditioned on the entire
received vector can be written as
p(r|s) · P (s)
P (s|r) =
.
(22)
p(r)
u(s)
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Factor graph for coded MIMO-OFDM systems.

have 16 possible values. That is, there are 24 optimization
variables in total. The factor node Ψ1 represents the first row
of parity-check matrix of the extended Hamming code. As
shown in Figure 3, the variable nodes c2 , c3 , c4 and c5 form
a check equation, i.e., c2 ⊕ c3 ⊕ c4 ⊕ c5 = 0. Ψ2 , Ψ3 and Ψ4
have the similar definitions. Every two consecutive coded bits
are grouped and mapped into a QPSK symbol, and every two
QPSK symbols from two transmit antennas are grouped into
a vector. It is equivalent that every four (QNt ) consecutive
coded bits are grouped into a vector α. This vector is mapped
by the mapping function X and sent by transmit antennas. Ψ1 ,
Ψ2 , Ψ3 and Ψ4 guarantee that c = (c1 , c2 , . . . , c8 ) is a valid
codeword.
From the factor graph, we can derive the following LP
problem directly for LDPC-encoded MIMO-OFDM systems
by relaxing the aforementioned optimization variables with
the box constraint 0 ≤ x ≤ 1 where x is an optimization
variable.

i∈I

where the first expression is valid because the second term of
its right hand side is a constant, and qt,k,α is defined as
qt,k,α = P {st,k = α}.
It should be pointed out that the introduction of auxiliary
variables {qt,k,α } is to facilitate the description of aftermentioned LP-based detectors. Because the coded bits vector
transmitted in slot-t and subcarrier-k is fixed (although unknown), the set {qt,k,α : α ∈ S} only has a single nonzero
element, which equals ‘1’. In the following, we derive a
factor graph corresponding to (24). Without loss of generality,
let us illustrate with the special example of a binary (8, 4)
extended Hamming code, QPSK mapping and focus on the
case with only two transmit antennas and two subcarriers.
The corresponding factor graph of the global function (24) is
illustrated in Figure 3. The circle nodes, namely c1 , c2 , . . . , c8 ,
q1,0,s1,0 and q1,1,s1,1 denote variables, the factor nodes with
degree-1 correspond to the cost function, and left factor nodes
Ψ1 , Ψ2 , Ψ3 and Ψ4 correspond to the constraints. It should be
noted that q1,0,s1,0 and q1,1,s1,1 both correspond to |S| = 16
optimized variables, respectively, because s1,0 and s1,1 both

LP2: New Joint Detector for LDPC coded MIMO-OFDM
systems
max

−1 
 N

(α)

λt,k qt,k,α

(25)

t∈T k=0 α∈S −

Constraints: (16), (17) and

qt,k,α = 1, ∀t ∈ T , ∀k ∈ [0, N − 1];

(26)

α∈S

qt,k,α ≥ 0, ∀t ∈ T , ∀k ∈ [0, N − 1], ∀α ∈ S;

qt,k,α = f(t·N +k)·QNt +l , ∀t ∈ T ,

(27)

α∈S:αl =1

∀k ∈ [0, N − 1], ∀l ∈ {1, 2, . . . , QNt }.
Receiver output
cout =



f,
if f is integer;
Failure, otherwise.

(28)

(29)

In LP2, {qt,k,α } and {fj } are optimization variables, whereas
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(α)

weighting λt,k can be computed by
(α)

λt,k

=

log

Qt,k (α)
Qt,k (01×QNt )

Nr

|rt,k,m − Ht,k [m, :]X(0)|2
−
σ2
Nr
2
m=1 |rt,k,m − Ht,k [m, :]X(α)|
.
(30)
σ2
Here Ht,k [m, :] represents the m-th row of Ht,k .
When all the auxiliary variables {qt,k,α } acquire binary
values {0, 1} in the LP solution, from (28) we know that
f is a binary integer vector and thus is a valid codeword. As
a result, (25) is equivalent to (24). It means that f is an ML
codeword. This implies that LP2 has the maximum likelihood
certificate property.
In terms of complexity, we can quantify the number of LP
variables and constraints directly. Assuming for simplicity that
there are a fixed number wr of nonzero elements in each row
of the parity-check matrix of the LDPC code, LP2 consists of
n + KN 2QNt variables and KN + n + m2wr −1 constraints.
∝

m=1

C. Complexity Reduction
It is easily seen from (17) that there are 2dc −1 constraints
corresponding to each check node of degree dc . Therefore,
the total number of constraints and consequently, the complexity of the joint detection and decoding problem, grow
exponentially with the maximum check node degree dmax
c . To
reduce the computational complexity in our receiver, we can
drop constraints defined by (17) when implementing LP1 and
LP2, and apply the ALP method [17] in which only useful
constraints are added to the LP problem in an adaptive and
iterative method. To keep things simple, we use the same
notations, i.e, LP1 and LP2. Using the ALP method, LP2
includes the following steps:
(α)
(S1) Compute λt,k according to (30).
(S2) Initialize LP detection problem with constraints from
(16), (26) and (28); set m = 1.
(S3) Solve the current LP problem to obtain the solution cm .
(S4) If no cut (so-called useful constraint) is found, stop;
Otherwise, add the violated parity inequalities to the
problem, set m = m + 1, and return to (S3).
Similarly, LP1 can also be simplified using ALP for lower
complexity.
The adaptive procedure of the above joint detection and
decoding problem is similar to the adaptive method of LP
decoding in [17] except that it starts from (26) and (28) instead
of 2n box constraints. Thus, LP2 converges after at most n
iterations and the final application of LP solver in the LP2 uses
at most KN + n(m + 1) constraints, which can be directly
obtained from Theorem 2 and Corollary 1 in [17].
It should be pointed out that the use of ALP does not
lead to frame error rate (FER) improvement. However, it
has a very positive effect on speed of convergence because
of the fewer constraints are enforced without (17). We also
note that only the parity inequalities corresponding to each
row of parity check matrix P are checked in LP2. Actually,
during the process of solving LP2, sometimes a pseudocodeword is obtained but no cut can be found. However,

some parity inequalities corresponding to redundant parity
checks are in fact violated. This means that certain fractional
(pseudo-codeword) solution can be prevented by adding the
violated redundant parity checks (RPCs) into LP2 and solving
the LP problem which now integrates the new linear code
constraints from the RPCs. This way, we can further improve
the error-rate performance of LP2 by introducing redundant
parity checks, as suggested in [18], [19].
When using the ACG-ALP method proposed in [19], we
arrive at a more robust detector named henceforth which we
label as LP3 that can achieve better performance at higher
complexity. We shall demonstrate the performance of both
LP2 and LP3 receivers in our simulations.
IV. S IMULATION R ESULTS
In this section we provide some simulation results of the
proposed joint receivers LP2 and LP3. We implement the
joint receivers by C++, and use the simplex method from the
open-source GNU Linear Programming Kit (GLPK) as our LP
solver [30]. In the coded MIMO-OFDM systems, We consider
three random LDPC codes, constructed to avoid length-4 short
cycles [25]. We consider 3 different LDPC codes in our tests.
Let r, n, and γ, respectively, denote the rate, the length, and
the column weight of LDPC codes. The 3 LDPC codes are
Code C1 :

r = 1/2,

n = 256,

γ = 3;

Code C2 :
Code C3 :

r = 1/2,
r = 3/4,

n = 512,
n = 512,

γ = 3;
γ = 3.

Both QPSK and 16QAM modulations are tested with three
different antenna configurations: two transmit and two receive
antennas (2 × 2), four transmit and three receive antennas
(3 × 4) and four transmit and four receive antennas (4 × 4).
In our simulations, for each OFDM slot of every block, we
generate the time domain multi-path Rayleigh channels with
randomly generated time-domain FIR channel coefficients.
Unless specified explicitly, we consider 3-tap FIR multi-path
channels in our tests. We assume the Rayleigh fading channels
remain static during each OFDM slot but vary independently
from one OFDM slot to another. We also set the number of
OFDM subcarriers to 32 in our experiments.
As a comparison, we also test two other joint receivers
based on LP1 and turbo equalization (TE) consisting of MAP
equalization and SPA decoding. In our subsequent simulations
of turbo equalization, to avoid saturating operations, we implement LLR-SPA by using the method proposed in [31].
Since LP1 requires affine mapping, its performance is only
shown for comparison when QPSK modulation is used. When
nonaffine QAM mapping is used, turbo equalization serves
as a benchmark against our LP2 and LP3 receivers. For
random LDPC codes, the SPA decoder with 10 iterations
often achieves excellent performance. Therefore, we fix the
local block iterations within the turbo equalizer to 10 unless
otherwise specified. The number of turbo iterations is also set
to 10 empirically to allow good convergence.
A. Example 1
We demonstrate the comparative (BER/FER) performances
of the four different joint receivers with code C1 under two
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Fig. 4. BER (solid lines) and FER (dot-dashed lines) performance comparison of LDPC coded MIMO-OFDM systems with code C1 , QPSK modulation,
2 transmit and 2 receive antennas.

Fig. 5. BER (solid lines) and FER (dot-dashed lines) performance comparison of LDPC coded MIMO-OFDM systems with code C1 , QPSK modulation,
4 transmit and 4 receive antennas.
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antenna configurations in Figures 4-5 when QPSK modulation
is used. From the results, we can see from Fig. 4 that, at
BER of 1 × 10−5 , our proposed joint detector LP2 achieves
a performance gain of approximately 9.3 dB and 1.8 dB over
the algorithm in [20] and the turbo equalization, respectively.
Furthermore, LP3 exhibits nearly 0.4 dB gain when compared
with LP2. Moreover, in terms of FER, LP2 exhibits over 10.0
dB gain over LP1, while LP3 has about 2.0 dB gain than TE.
The improvement of LP2 over LP1 originates from the fact
that LP2 aims to directly optimize the global function which is
consistent with maximum likelihood, whereas LP1 is derived
from an approximation of the global function (i.e, 1 norm).
On the other hand, the improvement of LP3 over LP2 is a
direct consequence from the inclusion of additional redundant
parity checks as linear constraints to tighten the solution set.
Fig. 5 compares the performance of four detectors in 4 × 4
MIMO-OFDM systems. We again observe the advantage of
our proposed joint detection algorithm as LP2 outperforms
LP1 and TE by about 9.0 dB and 3.0 dB, respectively, at
BER of 1 × 10−5 . In this case, LP3 is only slightly better
than LP2. In terms of FER, LP2 is more than 10.0 dB and
2.0 dB better than LP1 and TE, respectively, at FER ≤ 10−3 .
At the same setting, LP3 provides up to 3.0 dB gain over TE.
We see that our proposed detectors perform well when more
transmit and receive antennas are used.
We can compare the complexities of LP1 and LP2 loosely
by listing the number of variables and constraints. Under 2×2
MIMO, regardless of the parity check constraints, LP1 has n+
2KN Nr = 512 variables and 4KN Nr = 512 constraints. On
the other hand, LP2 consists of n+KN 2QNt = 1280 variables
and 320 constraints. Although a direct complexity comparison
is not easy for such problems, our computer runtime tests show
that the complexities of both LP detectors are comparable. In
our tests, we found that the number of constraints has stronger
impact on the complexity of an LP problem compared with
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Fig. 6. BER (solid lines) and FER (dot-dashed lines) performance comparison of LDPC coded MIMO-OFDM systems with code C2 , QPSK modulation,
4 transmit and 3 antennas.

the number of variables.
B. Example 2
We now compare the four receiver algorithms with another
two codes C2 and C3 in Fig. 6-7 when 4 transmit antennas
and 3 receive antennas are used. In these two examples, the
number of receive antennas is smaller than that of transmit
antennas. Thus, the MIMO channels have weaker diversity.
From Fig. 6, we observe that LP2 performs nearly 11.0 dB
and 1.6 dB better than LP1 and TE, respectively, at FER of
10−3 . However, LP2 appears to show an error floor when
FER ≤ 6 × 10−4 and only outperforms TE by 1.0 dB at
FER of 2 × 10−4 . On the other hand, LP3 has about 2.0 dB
gain over TE in the tested SNR range. We also observe similar
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Fig. 7. BER (solid lines) and FER (dot-dashed lines) performance comparison of LDPC coded MIMO-OFDM systems with code C3 , QPSK modulation,
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Fig. 9. BER (solid lines) and FER (dot-dashed lines) performance comparison between proposed joint detectors and TE in 5-tap frequency selective
channels with code C2 , QPSK modulation, 4 transmit and 4 antennas.
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Fig. 8. BER (solid lines) and FER (dot-dashed lines) performance comparison between proposed joint detectors and TE in 3-tap frequency selective
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performance relationship of the 4 detectors when using another
high-rate code C3 in Fig. 7.
C. Example 3
To illustrate the advantages of our joint detectors over TE
in greater detail, in Figures. 8-9 we present the BER/FER
performance of proposed joint detectors and TE using code
C2 in a 4 × 4 MIMO-OFDM system. We see from Fig. 8 that
TE has the similar performance when different combinations
of the number of local iterations (LI) and the number of turbo
iterations (TI) are used, respectively. It means that TE cannot
be further improved obviously by increasing the number of
turbo iterations or local iterations beyond what was sufficient.
LP2 and LP3 outperform TE more than 3.0 dB at BER of
10−5 . Moreover, LP2 appears an error floor at FER ≤ 2 ×

6
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14

16

18

Eb/N0(dB)

Fig. 10.
BER (solid lines) and FER (dot-dashed lines) performance
comparison of LDPC coded MIMO-OFDM systems with code C2 , 16QAM
modulation, 2 transmit and 2 receive antennas.

10−4 . However, LP3 still performs very well and is about 3.0
dB better than TE.
We also experiment with the case frequency selective channels has 5 random fading taps. The performance advantages
of LP2 and LP3 over TE are similar to that of the preceding
3-tap channels.
D. High dimensional nonaffine QAM mapping
Recall that our proposed joint detection receivers are directly applicable to higher order modulation (e.g. 16QAM)
with little modification. In particular, Gray-coded QAM mapping does not admit an affine relationship between the symbols
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Fig. 11.
BER (solid lines) and FER (dot-dashed lines) performance
comparison of LDPC coded MIMO-OFDM systems with code C3 , 16QAM
modulation, 2 transmit and 2 receive antennas.

and the bits, rendering the previous proposed LP1 receiver
(based on affine QAM mapping) non-applicable. Our new
detection algorithms overcome this obstacle.
We present the results from testing the 2 × 2 MIMO-OFDM
systems in Fig. 10 and Fig. 11 under the 2 different LDPC
codes, respectively. Note that the LDPC codes C2 and C3
are used in conjunction with Gray-coded 16QAM modulation.
Since LP1 is not applicable, our new receivers are tested and
compared only against the turbo equalization (TE) receiver.
As shown in Fig. 10, the new joint detector LP2 delivers
nearly 3.0 dB gain compared with the TE at BER of 2×10−5 .
Also, LP3 performs as well as LP2 in terms of BER, but
achieves an advantage of 0.7 dB and 1.8 dB over LP2 and
TE, respectively, at FER of 5 × 10−4 . The performance gap
between LP3 and LP2 will become wider at higher SNR.
Fig. 11 illustrates the system performance when a higher
rate code is used. From Fig. 11, we see that LP2 works as
well as LP3 in terms of BER. However, both LP2 and TE
exhibit some “error-floor” effect at high SNR from the FER
perspective. Nevertheless, our LP3 performs more than 2.0 dB
better than the traditional TE decoder at FER ≤ 1 × 10−4 .
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Fig. 12. Average number of iterations and Average number of constraints
in final iteration for decoding one codeword.

constraints of the last LP problem in the iteration process that
either generated a valid codeword or found a pseudo-codeword
with no more cuts. In the first iteration, both LP2 and LP3
have n + KN = 576 constraints. At high SNR, such as SNR
= 7 dB, LP2 and LP3 only need at most 4 iterations, and the
number of constraints in the LP problem of the final iteration
is under 700. Therefore, LP3 provides the much better FER
performance than LP2 with the similar complexity in high
SNR regime.
F. Summary

E. Complexity Considerations
It is challenging to fully characterize the complexity of
our joint detectors in terms of the number of addition and
multiplication because simplex method is very efficient in
practice but has an exponential worst case complexity. Hence,
we investigate the relative complexity of our proposed joint
detectors in terms of the average number of iterations, and the
average size of constituent LP problems. All statistical data
were obtained from simulations of the 4 × 4 MIMO system
with code C2 and three-tap multipath channel model. We ran
our simulations repeatedly until 20 erroneous codewords were
collected.
Fig. 12(a) compares the average number of iterations
needed; that is, the average number of LP problems solved, to
decode one codeword. Fig. 12(b) shows the average number of

Our simulation tests considered different LDPC code rates,
lengths, as well as various MIMO configures. From our
extensive tests, We have demonstrated that the newly proposed
joint receivers LP2 and LP3 provide substantial performance
gains when compared with LP1 both in terms of BER and
FER. Our joint receivers also outperform the classic TE even
if more turbo iterations and local iterations are used. The same
conclusions are true for different number of multipath channel
taps. Moreover, for under-determined MIMO systems (when
there are more transmit antennas than receive antennas) or
for high rate code (C3 ), LP2 tends to exhibit an error floor
at very high SNR because of lower system redundancy or
diversity. Nevertheless, LP3 always exhibits outstanding FER
performance in our tests. In particular, it always outperforms
LP2 in terms of FER, despite similar BER performance.
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This performance gain is at the expense of somewhat higher
complexity.
On the other hand, when considering BER, LP2 works as
well as LP3 in most cases. Given the lower complexity of
LP2, it is a suitable alternative for those systems in which
low BER is more critical.
V. C ONCLUSION
In this paper, we proposed a new linear-programming
based receiver for the joint detection and decoding of LDPCcoded MIMO-OFDM systems. Unlike traditional disjoint serial detection-decoding receivers and other existing joint detection and decoding receivers based on belief propagation,
our new joint receiver optimizes a unified global objective
function to minimize the MIMO-OFDM detection error while
simultaneously satisfying a number of linear constraints that
are derived from the LDPC parity matrix. This single integrated optimization algorithm does not rely on blind mutual
trust in message passing. Our receiver integrates the MIMOOFDM signal detection and the decoding of LDPC coded
data by solving a linear programming problem for practical
QAM mappings. Our proposed joint MIMO-OFDM detector
and decoder achieves substantial performance gain over existing joint detection receivers with comparable computational
complexity.
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